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Σ:{·x Ax + Bu x(0) = 0y Cx ( 1)
AP+PAT +BBT = 0 (2)
AT Q +QA + CT C = 0 ( 3 )
814
P = Q = diag(erl, er2, ... , ern) ( 4 )
C: u↦x0:= 1∞ eτABu(τ)dτ
o :x0 ↦ y := CetAx0
H=()∘C ( 5 )
P = C ∘C* , Q = 0* ∘0 ( 6 )
( 7)
Σ:{ .·x = f(x) + g(x)u x(0) = xC
y = h(x) ( 8 )
C : U ↦ x0 : { ·x = - f(.x) - g(x)u x(∞) = 0
x0 = x(0)
o : x0 ↦ y : { ·x = f(x) x(0) = x0
y = h(.x)
C: u ↦ x0 : { ·x =f(x)+g(x)u(-t) x(-∞)=0
x0 = x(0)
815
c† : x0 ↦ u := arg inf ||u||
C(u)=x0
Lc(x0) := 1/||c†(x0)112 (9)
2
Lo(x0) := ½I|O(X0)||2 (10)
1 T -lITLc(x) = /2X P x, Lo(x) = /2X QX (11)
1 n
Lc(Φ(z)) = /2 Σ zi2 (12)
i=1
1 n
Lo(Φ(z)) = /2 Σ Zi2τi(Z) (13)
i=l
P=I, Q=diag(τ1(Z),τ2(Z), ... ,τn(z)) (14)
1 2 2 1 2 2 22Lc(z) = /2(Zlτ1(Z)+Z2τ2(Z)) = /2(2z1 +z2 +Z1Z2)
τl(Z) = 2 + kz22, τ2(Z) = 1 + (1 - k)z12
816
T* ∘T(v) = σ2V (15)
<y,T(u» = <T*(y),u>
||T(u)1I IIT(u)1I
σmax = sup _11_11_' Vmax = argsup _11_11_ (16)
u≠O U U≠O U
c I|T(u)11 c IIT(u)11
σmax = sup -II_II_' vmax = arg sup -11_11_(17)
||u||=c u ||u||=c u
σmax - sup σcmax
c>O
«dT(u))* ∘T(u) - 1IT||u(uI)||22 u, du> = 0 (18)
<u, du> = 0 (19)
(dT(v))* ∘T(v) = A v (20)
IIT(v)11
σ = I_Iv|| (21)
'817
(dH(v))* ∘H(v) = A v
dLo(ξ) = A dLc(ξ) (22)
PQ ξ = A ξ
∂Lc(z) = 0∂Lo(z) = 0 ⇔ /∂ i
∂Zi
(23)
_L_o_( O_,_._. _. _,O_,_Z_i ,_O_,_. _. _. ,_O_) = (Ji (s)2






1|H(u)||L2 = sup σl(z1)
I|u||L2 zl∈IFt
Σa : { ·xa = fa(xa,0) + ga(xa,0)ua
ya = h(xa,0) (25)
Σb : { ·xb = fb(0, X
b) + gb(0, Xb)Ub
yb = h(0, xb) (26)
Lca(xa) = Lc(xa, 0), Loa(xa) = Lo(xa, 0)
Lcb(xb) = Lc(0, Xb), Lob(Xb) = Lo(0, Xb)
σia(xia) = σi(Xia), i = 1,2, , k
σib(xib) = σi+k(Xib), i = 1,2, , n - k
IIΣa||H = IIΣIIH
819
1) B. C. Moore: Principal component analysis in linear sys-
tems: controllability, observability and model reduction,
IEEE Trans. Autom. Contr., AC-26, 17/32 (1981)
2) K. Glover: All optimal Hankel-norm approximations of lin-
ear multivariable systems and their L∞-error bounds, Int.
J. Control, 39, 1115/1193 (1984)
3) M. Verhaegen and P. Dewilde: Subspace model identifica-
tion part 1: The output-error state-space model identifica-
tion class of algorithms, Int. J. Control, 56-5, 1187/1210
(1992)
4) J. M. A. Scherpen and W. S. Gray: Nonlinear Hilbert ad-
joints: Properties and applications to Hankel singular value
analysis, Nonlinear Analysis: Theory, Methods and Appli-
cations, 51-5, 883/901 (2002)
5) J. Batt: Nonlinear compact mappings and their adjoints,
Math. Ann., 189,5/25 (1970)
6) K. Fujimoto, J. M. A. Scherpen and W. S. Gray: Hamilto-
nian realizations of nonlinear adjoint operators, Automat-
ica, 38-10,1769/1775 (2002)
7) K. Fujimoto and J. M. A. Scher pen : Eigenstructure of
nonlinear Hankel operators, Nonlinear Control in the Year
2000 (Eds. by A. Isidori, F. Lamnabhi-Lagarrigue and
W. Respondek), Vol. 258 of Lecture Notes on Control
and Information Science, Springer-Verlag, Paris, 385/398
(2000)
8) J. M. A. Scher pen : Balancing for nonlinear systems, Sys-
tems & Control Letters, 21, 143/153 (1993)
9) W. S. Gray and J. P. Mesko: Observability functions for
linear and nonlinear systems, Systems & Control Letters,
38, 99/113 (1999)
10) J. M. A. Scher pen and W. S. Gray: Minimality and local
state decompositions of a nonlinear state space realization
using energy functions, IEEE Trans. Autom. Contr., AC-
45-11, 2079/2086 (2000)
11) W. S. Gray and J. M. A. Scherpen : On the nonuniqueness
of balanced nonlinear realizations, Proc. 38th IEEE Conf.
on Decision and Control, 729/734 (1999)
12) K. Fujimoto and J. M. A. Scherpen : Nonlinear input-
normal realizations based on the differential eigenstructure
of Hankel operators, Accepted for IEEE Trans. Automatic
Control (2003)
13) K. Fujimoto and J. M. A. Scherpen : Balancing and model
reduction for nonlinear systems based on the differential
eigenstructure of Hankel operators, Proc. 40th IEEE Conf.
on Decision and Control, 3252/3257 (2001)
14) K. Fujimoto and J. M. A. Scherpen : Nonlinear balanced
realization based on singular value analysis of Hankel oper-
ators, To appear in Proceeding of IEEE CDC'03 (2003)
15) E.1. Verriest and W. S. Gray: Discrete-time nonlinear bal-
ancing, Proc. 5th IFAC Symp. Nonlinear Control Systems,
515/520 (2001)
16) R. Lopezlena and J. M. A. Scherpen : Energy functions
and balancing for nonlinear discrete-time systems, Proc. of
IFAC World Congress, 659/664 (2002)
17) K. Fujimoto and J. M. A. Scherpen : Singular value analy-
sis of Hankel operators for general nonlinear systems, Proc.
in European Control Conference (2003)
18) J. Hahn and T. F. Edgar: An imporoved method for nonlin-
ear model reduction using balancing of empirical gramians,
Comp. Chem. Eng., 26-10, 1379/1397 (2002)
19) S. Lall, J. E. Marsden and G. Glavaski : A subspace ap-
mill ~.
proach to balanced truncation for model reduction of non-
linear systems, Int. J. Robust and Nonlinear Control, 12-6,
519/535 (2002)
20) A. Newman and P. S. Krishnaprasad : Computing balanced
realizations for nonlinear systems, Proc. Symp. Mathemat-
ical Theory of Networks and Systems (2000)
21) R. Lopezlena, J. M. A. Scherpen and K. Fujimoto: Energy-
storage balanced reduction of port Hamiltonian systems,
Proc. IFAC Workshop on Lagrangian and Hamiltonian
Methods for Nonlinear Control, 79/84 (2003)
22) ,o
, (1999)
23) K. Zhou, J. C. Doyle and K. Glover: Robust and Opti-
mal Control, Prentice-Hall, Inc., Upper Saddle River, N.J.
(1996)
24) H. Nijmeijer and A. J. van der Schaft : Nonlinear Dynam-
ical Control Systems, Springer-Verlag, New York (1990)
25) A. Isidori: Nonlinear Control Systems, Springer-Verlag,
Berlin, third edition (1995)
26) Z. P. Jiang, A. R. Teel and L. Praly : Small-gain theorem
for ISS systems and applications, Mathematics of Control,
Signals, and Systems, 7, 95/120 (1994)
27) H∞ *, H∞ :
'' ', IJt , 34-3, 188/195 (1995)
28) J. W. Milnor: Morse Theory, Annals of Math. Stud. 51,
Princeton University Press, New Jersey (1963)
29) J. W. Milnor: Topology from the Differential Viewpoint,
Princeton University Press, New Jersey (1965)
Jacquelien M.A. SCHERPEN
Jacquelien M.A. Scherpen received her
M.Sc. and Ph.D. degree in Applied Math-
ematics from the University of Twente, The
Netherlands, in 1990 and 1994, respectively.
Currently, she is an associate professor of the
Delft Center for Systems and Control of Delft
University of Technology, The Netherlands.
She has held visiting research positions at the
Universite de Compiegne, France, SUPELEC, Gif-sur-Yvette,
France, the University of Tokyo, Japan and the Old Dominion
University, VA, USA. Her research interests include nonlinear
model reduction methods, realization theory, nonlinear control
methods, with in particular modeling and control of physical sys-
tems with applications to electrical circuits. She is an Associate
Editor of the IEEE Transactions on Automatic Control.
